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Motivation  	

•  Challenges of probe missions	


–  Probe spacecraft are constrained in mass and power	

–  Missions are usually short and dynamic, with much uncertainties in 

instrument data generation and communication data return	

•  When considering end-to-end data delivery from 

instruments to Earth, other than emphasizing building 
better instruments and miniaturizing the instruments, one 
also need to consider reducing the mass and power of probe 
subsystems including onboard memory, data bus, and 
communication subsystems (antenna, gimbal, transponder, 
etc.)	


•  This paper describes a probabilistic data generation analysis 
method to support	

–  Probe communication system design	

–  Spacecraft bus, buffer, and storage design	




KMC-3  

INTERPLANETARY NETWORK DIRECTORATE 
 

06/23/2007  Probabilistic Instrument Data Generation Analysis Using a Variant of Saddle-Point Approximation  

Problem statement (1)	


•  Probes are usually equipped with multiple sensor instruments 
with different data generation rates 	


•  To reduce bandwidth, data compression is usually employed	

–  Data compression is a fixed-to-variable data conversion process 

depending on the data content and the algorithm used, thus data are 
generated in a non-deterministic way	


–  Prior probe mission experience indicates that data generation statistics 
are usually non-Gaussian	


•  Shortcomings of traditional analysis approaches	

–  Simulation: 	


•  Time consuming	

•  Lack of good random number generators for some probability distribution 

functions (pdf) can contribute to misleading and erroneous conclusions 	

–  Analysis based on Gaussian assumption	


•  Gaussian assumption is not valid for a small number of instruments (< 30)	
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Problem statement (2)	


•  In this paper, we apply a variant of Saddle-Point 
approximation technique [1] to estimate the tail probability of 
the aggregate statistics of instrument data	

–  Does not resort to the Gaussian assumption	

–  Improve the accuracy of estimating instrument data generation 	

–  In turn provides accurate estimates to optimize spacecraft design in the 

areas of onboard storage, bus bandwidth, downlink capabilities, etc.	

•  This technique can also be applied to a wide range of 

engineering problems including link analysis, queue overflow 
probabilities for different traffic models, and mass, power, 
cost estimations for spacecraft design, and reliability analysis  	


[1] C. W. Helstrom, “Approximate Evaluation of Detection Probabilities in Radar and Optical  
Communications,” IEEE Trans. Aerosp. Electron. Syst.; vol 14, pp.630-640, July 1978.  
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Problem statement (3)	


•  Some notations	

–  x1, x2, … xn are n independent random variable with pdf fxi(xi)	

–  z is the sum of x1, x2, … xn 	

–  Ψxi(s) is the characteristic function of xi, and Ψz(s) is the 

characteristic function of z	

–  q+(α) is the tail probability of z	


•  Analysis challenges	

–  Evaluation of pdf of sum of n variables requires n-1 nested 

integration	

–  Inverse of Ψz(s) is usually extremely difficult, if not impossible	
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Tables of Ψz(s) for some popular pdf	
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Outline of Approx Term Derivation (1) 	
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1.  Ψz(s) as Laplace Transform of fz(z)	

	


2.  fz(z) as inverse Laplace Transform 
of Ψz(s) 	

	


3.  Express q+(α) using 2. 	
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Outline of Approx Term Derivation (2) 	


           

           

4.  For σ’ < 0, we have	


5.  Change of variable s ↔ -s, and 
define σ = - σ’	


6.  Define ψ(s) as 	


7.  Denote so such that ψ’(s0) = 0	


8.  ψ(s) can be approximate as (using 
Taylor Series expansion)	
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Outline of Approx Term Derivation (3) 	


           

           

9.  Substitute (6) (8) in (5) and let ���
σ = so	


10.  Change of variable s ↔ s0+jy	


11.  RHS = 1, and 	


v  A more accurate approximation	
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Computation Procedure 	


           

           

1.  Evaluate Ψz(s) 	


2.  Construct ψ(s) 	


3.  Construct ψ’(s) 	


4.  Construct ψ”(s) 	


5.  Find so such that ψ’(so)=0 	


6.  Evaluate q+(α) 	
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Computing q+(α) of Some Simple pdf 	
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A Hypothetical Probe Instrument Data 
Generation Examples	


•  Consider a probe carries 3 instruments A, B, and C; all employ 
data compression to reduce data generation bandwidth 	


•  Instantaneous data rate (in unit of kilo-bits per second) of each 
instrument is characterized statistically by a triangular 
distribution with the following parameters (Table on p.6)	


•  We consider two operation scenarios: 	

I.  when instruments A and B are turned	

II.  when instruments A, B, and C are turned on 	


 min (a ) max (b ) mode ( c ) 
Instrument A 0 1 0.5 
Instrument B 2 7 2.5 
Instrument C 4 7 4.5 
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Case I: Instrument A and B are On (1) 	


•  The aggregate pdf is given by	
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Case I: Instrument A and B are On (2) 	


•  Shape of fA+B(x)	
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Case I: Instrument A and B are On (3) 	


•  Exact and approximate tail probability q+(α) 	


Approx q+(α) 

A downlink data rate of 6 kilo-bits per second would  
return 90% of the real-time data, and 6.5 kilo-bits per  
second would return 95% of the real-time data.  
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Case II: Instrument A, B, and C are On (1) 	


•  The aggregate pdf is given by	
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Case II: Instrument A,B, and C are On (2) 	


•  Shape of fA+B+C(x)	
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Case II: Instrument A, B, and C are On (3) 	


•  Exact and approximate tail probability q+(α) 	


Approx q+(α) 

a downlink data rate of 11.4 kilo-bits per second would  
return 90% of the real-time data, and 12 kilo-bits per second  
would return 95% of the real-time data  
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Conclusion 	


•  We demonstrate that the Saddle-Point approximation method 
greatly improves the accuracy of estimating instrument data 
generation for a mission 	


•  This in turn provides accurate estimates to optimize spacecraft 
design in the areas of onboard storage, bus bandwidth, downlink 
capabilities, etc	


•  This technique can also be applied to a wide range of engineering 
problems, reliability analysis, and risk management problems	
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